Abstract-Optical holography can be used to record multi-directional interferometric data, which provides a basis for measuring three-dimensional, asymmetric temperature or density fields in fluids. If continuous optical pathlength data are available over a 180" angle of view, the temperature or density field is shown to be equal to the inverse Radon transform of the data. A procedure for computing limited-resolution reconstructions of the field in terms of discrete data collected over a limited angle of view is presented.
Abstract-Optical holography can be used to record multi-directional interferometric data, which provides a basis for measuring three-dimensional, asymmetric temperature or density fields in fluids. If continuous optical pathlength data are available over a 180" angle of view, the temperature or density field is shown to be equal to the inverse Radon transform of the data. A procedure for computing limited-resolution reconstructions of the field in terms of discrete data collected over a limited angle of view is presented.
The technique of holographic interferometry was used to map isothermal contours in the developing convective plume above heated, horizontal, rectangular surfaces. It was found that the thermal structure of the developing plume is strongly influenced by the partitioning of the flow adjacent to the surface along lines of geometric symmetry. 
INTRODUCTION
OPTICAL methods such as Mach-Zehnder interferometry and schlieren photography (cf. Hauf and Grigul [l] ) are of great utility for visualizing temperature or density fields in forced and free convection, high-speed aerodynamic flows, and plasmas, where the insertion of probes may disrupt the flow, or where point-by-point measurements are impractical. These classical optical methods can also be used to make quantitative measurements ofsuch fields, but only if they have radial symmetry or are essentially two dimensional. It would therefore be desirable to devise an optical method whereby three-dimensional, asymmetric temperature or density fields can be measured. Such a method is described in this paper. It requires multi-directional interferometric data, which is obtained by using optical holography. The problem of inverting this data to determine a temperature field has analogs in the fields of X-ray analysis, electron microscopy and radio astronomy, and has been solved previously for the case in which continuous data are available over a 180 range of viewing angle [2&6] .
In this paper. we present a method for inverting discrete multidirectional interferometry data for the practical case in which the range of viewing angle is restricted. In order to demonstrate both the experimental technique and the method of data inversion, the temperature field in the steady natural convective plume a short distance above a heated, horizontal, rectangular plate was measured. These experiments establish the feasibility of using holographic interferometry to measure three-dimensional, asymmetric temperature fields, and are indicative of the potential importance of this technique for heat-and masstransfer experimentation. 
HOLOGRAPHIC INTERFEROMETRY
In order to measure three-dimensional, asymmetric temperature fields it is necessary to make multidirectional measurements of optical pathlength through the medium under study. Figure 1 is a schematic diagram of a holographic interferometer suitable for this purpose. It utilizes the off-axis technique developed by Leith and Upatnieks [ll] . An object wavefront U, of laser light can be "recorded" by adding to it a coherent reference wavefront Ua and photographing the resulting intensity pattern in a plane denoted by (x, z Since the holographic recording process is essentially linear. two wavefronts, C:, and C'<:. can be recorded sequentially in time on a single hologram. In the experiments described in this paper. C,, is an optical wavefront which has passed through an isothermal fluid, and C;: is an initially identical wavefront which has passed through the same fluid after steady natural convection has been established. The sequential recordings of CrO and C'i are made on a single hologram plate which remains in a fixed position during the experiment. When this plate is properly developed and rcilluminated with tYR. U, and UC; are simultaneously reconstructed, yielding an intensity at an observation plane which is proportional to 1 U, + C'J'. This represents the intensity distribution 1 C;,i' with a superimposed pattern of interference fringes. which constitute the interferometric data. The key to the present application is the high information content of the hologram, which permits the recording of wavefronts of virtually unlimited complexity.
For example, a diffuser such as a plate of opal glass [8] . or a phase grating [13, 141. can be placed behind the test section. The resulting hologram can be observed from various directions compatible with the apertures of the hologram and diffuser or grating, thereby providing interferometric data for a collection of rays which traverse the object field in many different directions. It is this multi-directional data which makes it possible to reconstruct an asymmetric refractive index field. by methods described in the next section.
DATA ANALYSIS
The data provided by interferometry is a fringe pattern from which a pathlength function can be defined. The objective of the data analysis is to invert this function in order to deduce the refractive index distribution, which is simply related to the temperature field. If a holographic interferogram is viewed in a direction parallel to the y-axis. the pathlength function is defined by
f'(-u, JJ, z) = n(x, y, z) -no is the refractive index relative to Ii". its value at the time of the initial holographic exposure, dy is the differential length of the ray, and the integration is across the entire object field. In classical interferometers, such as the Mach-Zehnder, only a single plane wave of light passes through the fluid. In this case, equation (I) can be inverted only if the field does not vary in the y-direction, or if the field is radially symmetric (cf.
[l]). When multidirectional holographic interferometry is used the temperature field must be determined from pathlength functions which are known for optical rays passing through the fluid in many different directions. In the following discussion, it is assumed that refraction is negligible, so that these rays remain essentially straight lines. Measurements can then be made independently in individual planes, z = constant.
Prior to developing a practical computational scheme for evaluation of experimental data, it is desirable to demonstrate the existence of a formal mathematical solution to the underlying problem of determiningf(x, y) from the values of its integrals along a collection of straight lines traversing the field in various directions. This is done in the Appendix, where it is shown that if continuous data are available for all possible rays through the field, then
The nomenclature for equation (2) is indicated in Fig. 7 .
An analysis scheme applicable to discrete data must be developed for experimental applications. Sweeney [15] conducted simulated interferometry experiments using a digital computer and found that numerical evaluation of equation (2) using discrete input data yields accurate reconstructions of f (r, 4) . He noted that the apparent singularity when p = r sin($-II/) does not cause the integral in equation (2) to diverge if t?2@/lap2 is finite everywhere. This condition, which is necessary for successful inversion of data, would be met in any experiment in which useful interferometric data could be obtained.
An alternative to direct application of equation (2) interferometric data. These methods require that data be obtained over a complete 180" range of viewing angle, since the series coefficients are determined by orthogonalization. This restriction, which also applies to equation (2), is severe because optical system constraints, finite aperture test section windows, and opaque objects in the field of view may make such data unobtainable.
The present authors have explored the accuracy and computational efficiency of several techniques by which approximate determinations off(x, y) can be obtained using discrete data collected over a limited range of viewing angle [17] . One of these methods, which was selected for use in the experiments reported here, is described below.
In discrete form, the integral equation governing multi-directional interferometry is replaced by a set of integral equations,
where dSk is the differential length of the kth ray and Qk is its optical pathlength across the field. If the bandwidths of the Fourier transform of f(x, y) are finite and denoted by B, and B,, then according to the Whittaker-Shannon sampling theorem (Peterson and Middleton [ 18] ), f(x, y) can be represented by
Sine x = (sin ZX)/(~X), and the coefficients in this series are the values off(x, y) at a discrete set of sample points separated by distances l/28, and l/28, in the x and y directions respectively. In real applications, reasonable eflectiue bandwidths BL, and B,,, can often be assigned so that equation (5) becomes a convenient interpolation (M.N), the number of sample points. The resulting series. When sample points and optical rays are over-determined system was solved in the least-meanspecified as in Fig. 2,' then B,, = li(21,) and Bi, = l/(21,), square sense using a numerical procedure developed and equation (5) This limits the resolution of the reconstruction which ,n = 0 n = 0 can be attained using a fixed amount of data. 
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for ItaIlfljI = Cc:.
Equations (6) and (7) form the basis of a scheme for inverting multi-directional interferometric data. A planar region within the field under study is considered to contain a rectangular network of sample points (M'N) in number, as in Fig. 2 . Optical pathlengths, @(pi, Cij), are then determined for a number, (M.N), of independent rays passing through the field in this plane. After noting the location and direction of each of these rays, the coefficients, W,,(pi, 0,) of equation (6) can be evaluated using equation (7). This results in a system of (A4.N) linear algebraic equations in the unknown values of f(lXm, /,,/I). After this system is solved, f(x, y) is represented throughout the region by
Ideally, an accurate determination of f(x, J) can be made if the number of sample points, and of independent optical pathlength measurements, is equal to 4BL,BiYL,L,, which sometimes called the spacebandwidth product, SBWP. This assumes that Bi, and B,, are accurately known, and that there is no system noise. In reality, the approximation that experimental errors, and computational errors, all generate noise; furthermore, the bandwidths can at best be estimated. This generally leads to unacceptably poor reconstructions, particularly when the total angle of view is small, since the equations tend to be illconditioned. To alleviate these problems, redundant data must be used. In each experiment reported here, Q, was measured for a number of rays far in excess of
EXPERIMENTAL INVESTIGATION
Multi-directional holographic interferometry was used to measure the temperature field in the steady natural convective plume in the region above a heated rectangular surface submerged in water. Although no quantitative data were available with which these measurements could be compared some qualitative comparisons could be made with the flow visualizations of Husar and Sparrow [20] for this configuration. Two surfaces were used during the experiments. One had planar dimensions of 2.5 x 1,9cm, and the other, 2.6 x 1.3 cm, giving aspect ratios of approximately 1.3, and 2.0, respectively. Each heated plate was formed by two polished aluminum plates, 0.3 cm thick, between which an electrical heating element was sandwiched. The plate of aspect ratio 2.0 also had a small thermocouple embedded near its upper surface. A vertical plastic shroud extended down from the sides of the plate to minimize entrainment of heated fluid from below the plate. The heated surface under study was placed in a large glass tank containing distilled water. This points out a practical advantage of holographic interferometry;
it is not necessary to use optically flat test section windows, as in classical interferometers. Because the holographic interferometer records only changes in optical pathlength between exposures, minor phase variations due to imperfect windows do not affect the fringe pattern sensibly. A differential thermocouple, with one junction in the plume, 1 cm above the surface, and the other junction in the ambient fluid, was included in the test section to provide an independent temperature measurement.
The optical apparatus was similar to that shown FIG. 3. The experimental system. The test section, hologram, and viewing system can be seen in the foreground. schematically in Fig. 1 . Most of the system can be seen in the photograph of Fig. 3 . The light source was a 50mW He-Ne laser (Spectra-Physics model 125). The object-and reference-beams were expanded and filtered using microscope objectives and pinhole filters. The object wave passed through an opal glass diffusing screen behind the test section. Holograms were recorded on 30.5cm long Agfa lOE70 photographic plates. Exposure times were on the order of 0.1 s. To assure mechanical stability, the interferometer and test section were assembled on a massive granite block.
The water in the tank was allowed to reach a quiescent state while standing in the air conditioned laboratory for several hours. The first holographic recording was made with the water in this state. The heated plate was then energized by a d.c. power supply at a rate of approximately 05 W/cm'. After steady state was attained, the second holographic recording was made. The photographic plate was then developed, replaced in its holder, and illuminated with the reference beam.
The resulting interferogram was observed through a viewing system focused on a vertical plane near the heated plate. A spatial filter was placed in the back focal plane of this lens so that only optical rays traveling in one known direction contributed to the image. ing angles are the subject of current research efforts.
The results of these experiments, in the form of computer-generated plots of isothermal contours. are presented in Figs. 5 and 6. The Rayleigh number for this configuration was Ru -9 x I@, where Ru = yjl(T,-T,)L3/tiv. T, is the surface temperature of the plate and L is the length of the shorter side of the plate. Figures 5(a) and (b) show the isotherms above the plate of aspect ratio 1.3 in planes which are 05 cm and i.Ocm above the heated surface, respectively. The location of a thermocouple in the higher plane is indicated. This thermocouple indicated a temperature rise of 1,9"C, which is clearly compatible with its location between the 1.6 and 2lC isotherms determined by interferometry. An interesting feature of these contours is the "fingers" extending toward the corners of the plate. Figures 6(a) and (b) show the isothermal contours at planes 04 and 1.6cm above the heated surface having the higher aspect ratio of 2.0. For this configuration Ra -2% x 10'. This temperature field exhibits two maxima, rather than one occurring above the plate of aspect ratio 1.3. There is no evidence of "fingers" near the corners; however. this is likely due FIG. 7 . Nomenclature for analysis of continuous interferometric data.
to insufficient temperature resolution in either the measurement or the plot. During this experiment, a thermocouple in the plume near the 1*6cm plane indicated a temperature rise of l.l"C. Its position overlaps the l.O"C isotherm determined by interferometry. Based on the thermocouple measurements, augmented by experience gained by computer simulation of ex~~ments, and criteria dealing with the condition of the matrix ty,, [15] , it is estimated that the measurements reported here are accurate within about * 5 per cent of the maximum temperature rise.
DISCUSSION
The use of holographic interferometry, and data analysis techniques of the type presented here, greatly extends the class of experiments in which quantitative interferometry may be applied. Of course it shares certain inherent difficulties with all interferometric methods: gradients must be small so that refraction of light rays is negligible; diffraction limits the ability to make accurate measurements very close to solid boundaries; and it is not possible to discern whether fringe order (and therefore temperature) is increasing or decreasing as the interferogram is scanned. The latter problem can be aleviated if the experimenter has some knowledge of the structure of the field, or if simultaneous measurements are made with a gradientsensitive technique such as shclieren photography. The sign of gradients could also be determined by introducing a linear phase shift of known sign in the object beam between exposures, and noting whether the number of fringes increases or decreases. Currently, the requirement of negligible refraction places a definite limitation on the applicability of interferometry, and must be considered as a criterion in the scaling of experiments.
Although limited in scope, the measurements presented here disclose certain interesting features of the developing plume above heated rectangular plates. A single column of heated fluid rose above the center of the plate of aspect ratio 1.3, while the isotherms surrounding this hot column formed "fingers" aligned with the bisectors of the corners of the plate, The thermal structure above the plate having a larger aspect ratio, 2.0, was different. Two heated columns, centered on the points of intersection of the bisectors of the corners of the plate were observed. These measurements are corroborated by the flow visualizations carried out by Husar and Sparrow [20] . They observed the flow adjacent to a horizontal heated plate to be partitioned by lines nearly coincident with the bisectors of the corners, and, in the central region, with the longitudinal centerline. The present study confirms that heated columns rise above these partitioning lines and persist in dominating the thermal structure of the plume for some distance above the plate. This is compatible with the form of flow suggested by Stewartson [21] for the fluid above a heated two-dimensional surface: a boundary layer originates at each edge of the plate; in these layers, fluid moves inward toward the center of the plate until the boundary layers collide. As a result of this collision, jets of heated fluid are ejected upward. It follows from this argument, and from the experimental observations, that Aow adjacent to a heated surface, and the structure of the developing buoyant plume above it, are largely determined by the symmetries of the surface. An example of the importance of this characteristic is found in recent experiments of Oker [22] , who has photographed the onset of boiling in freon 113, and liquid nitrogen, above heated rectangular plates of dimension 2.21 x 2.49 cm. If such plates have highly polished surfaces, the first few bubbles consistently appear near the intersections of lines of symmetry, which correspond to the hottest region in the plume shown in Fig. 6 .
The only other measurements of three-dimensional temperature distributions above finite heated surfaces appear to be those of Weise [23] and Krause [24] , who used large numbers of thermocouples. The present observations cannot be directly compared with these because unshrouded square plates on the order of 15-20 times larger than those in the present investigation were used.
Partitioning, and the corresponding plume structure have thus far been observed only near rather small plates (dimensions on the order of l-1Ocm). Rotem and Claassen [25] have observed instability and breakdown of the horizontal boundary layer above larger heated surfaces. It is likely that this instability would diminish or destroy the partitioning effect over larger surfaces. Furthermore, several investigators have re- Akad. 69. 262-277 (1917) .
APPENDIX

Inversion of Multi-Directional Intuferometric Data
In multi-directional interferometry, the pathlength function is known for rays traversing the object field in several different directions.
Under ideal circumstances in which it is known for all possible rays traversing the field, a formal solution to the problem of inverting the data is known. Its Fourier transfer was found by Rowley [26] ; Berry and Gibbs [3] , considering the analysis of X-ray shadowgraphs. also obtained this transform and inverted it to yield f(r, 4) as a functional of a,. Others have independently derived this relation [2, 6] . and kiceWd [27] earlier analyzed a similar problem in radio astronomy.
We wish to point out here that this solution can in fact be found by a straight forward application of the Radon transfbrm. The Radon transform can be defined by (cf. Gel'Fand et al. [28] ):
.f(t, P) =
where dx = dxl,.
, dx, is a volume element in a real affine space of n dimensions, rS is the Dirac delta function, and where (t, . To apply these general relations to the specific problem of interpreting multi-directional intcrferograms. the nomcnclature indicated in Fig. 7 . which is identical to that used by Berry and Gibbs [3] , is introduced.
This figure 
which is seen to be the radon transform. equation (9). for the special case n = 2. and where the (II-I) dimensional hypersurface is simply the line defined by rsin(+$) = p.
It follows that x1.2 = (z, ,IJ) and c,,2 = ( -sin ri/, cos $1. and further that w = cl dtZ -rzd<,. is simply
Finally. if r is chosen to be the unit circle, application of the inverse Radon transform, equation (10). yields Since p takes on both positive and negative values, this can he written as Based on this discussion, it can be stated that the fringe patterns formed when an object f(r,4) is inserted into a multi-directional interferometer display contours of the Radon transform of /tr,$). Conversely, f(r,4) can be reconstructed by taking the inverse Radon transform of the interfcrometric data. If the integral over p in equation (15) is cvaluatcd by integration once by parts, assuming that (1) + 0 as 17 + _+ X. the relation which was developed by Berry and Gibbs [25] results:
